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HuÆman

LZ77(6,4).
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Khinchin

“A Mathematical Theory of Communication” Shannon
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x1, x2, . . . , xN

X = {x1, x2, . . . , xN}
N

&
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Hartley Hartley

A p(A) I(A)

A I(A)

I(A) p(A) p(A) 2
[0, 1]

I(A) = I(p(A)).

I(p(A))

I(p) : [0, 1] ! R+.

I(p)

8p(A), p(B) : p(A) > p(B) ) I(p(A)) < I(p(B)),

A B p(A\B) = p(A)p(B)

I(A \B) = I(p(A)p(B)) = I(p(A)) + I(p(B)) = I(A) + I(B).
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( )p A

( )I A

K =

2

p(A) A

A

I(A) = ° logK(p(A)), K > 1.

K K > 1

bit nat hartley

K = 2 K = e K = 10

bit

K = 2

K = 2

log(·) log2(·)
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X = {x1, x2, . . . , xN}
xi i = 1, 2, . . . , N pi

I(xi) = ° log(pi)

pi 2 [0, 1]

NX

i=1

pi = 1.

X

PX = {p1, p2, . . . , pN}
(X, PX)

Shannon

(X, PX)

H(X) = °
NX

i=1

pi log(pi).

bits bits/symbol

• p1, p2, . . . , pN

• H(X) ∏ 0 pi ∑ 1

•
p1, p2, . . . , pN

&
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(X,PX)

p1 = p2 = . . . = pN =
1

N
.

H(X) = °
NX

i=1

pi log(pi)

p1, p2, . . . , pN

NX

i=1

pi = 1.

Lagrange

@H(X)

@pi
+ ∏

@
PN

i=1 pi

@pi
= 0, i = 1, 2, . . . , N

∏ Lagrange

log(p1) = log(p2) = . . . = log(pN) ) p1 = p2 = . . . = pN = 1/N.

®

Kullback-Leibler

PX = {p1, p2, . . . , pN} QX = {q1, q2, . . . , qN}
X = {x1, x2, . . . , xN}

H(X) = °
NX

i=1

pi log(pi) ∑ °
NX

i=1

pi log(qi)

&
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H(X, PX/QX) =

NX

i=1

pi log

µ
pi

qi

∂
∏ 0.

H(X, PX/QX) Kullback-

Leibler PX , QX X

ln(x) ∑ x ° 1

log(x) = ln(x) log(e).

log(·)

H(X,PX/QX) =

NX

i=1

pi log

µ
pi

qi

∂
= ° log(e)

NX

i=1

pi ln

µ
qi

pi

∂
∏

∏ log(e)
NX

i=1

pi

µ
1° qi

pi

∂
= log(e)

NX

i=1

(pi ° qi) =

= log(e)

√
NX

i=1

pi °
NX

i=1

qi

!
= log(e)(1° 1) = 0.

®

Kullback-Leibler

PX QX

Kullback-Leibler PX QX

H(X, PX/QX)

H(X, PX/QX) 6= H(X, QX/PX).

Sh-

annon

&
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p

( )bH p

Shannon

p

1° p

Hb(p)

Hb(p) = °p log(p)° (1° p) log(1° p).

Hb(p) p

Shannon.

Shannon

bit/symbol p = 0.5

Shannon

p

(X, PX) X = {x1, x2, . . . , xN}
PX = {px1, px2, . . . , pxN} (Y, PY )

Y = {y1, y2, . . . , yM} PY = {py1, py2, . . . , pyM}

(XY, PXY )

XY = X £ Y = {(xi, yj) : xi 2 X, yj 2 Y }

(XY,PXY )
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1 2

1 2

( , )
{ , ,..., }
{ , ,..., }

X

N

X x x xN

X P
X x x x

P p p p

1 2

1 2

( , )
{ , ,..., }
{ , ,..., }

Y

M

Y y y yM

Y P
Y y y y

P p p p

ix

jy

( , )i jx y

(XY, PXY )

H(XY ) = °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi, yj)).

H(XY ) ∑ H(X) + H(Y )

(xi, yj)

p(xi, yj) (q(xi, yj))

q(xi, yj) = p(xi)p(yj)

H(XY ) = °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi, yj)) ∑

∑ °
NX

i=1

MX

j=1

p(xi, yj) log(q(xi, yj)) =

&
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= °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi))°
NX

i=1

MX

j=1

p(xi, yj) log(p(yj)) =

= °
NX

i=1

√
MX

j=1

p(xi, yj)

!
log(p(xi))°

MX

j=1

√
NX

i=1

p(xi, yj)

!
log(p(yj)) =

= °
NX

i=1

p(xi) log(p(xi))°
MX

j=1

p(yj) log(p(yj)) = H(X) + H(Y )

p(xi, yj) = p(xi)p(yj), 8 i, j.

K

(X1, PX1), (X2, PX2), . . . , (XK , PXK )

H(X1X2 . . . XK) = °
N1X

i1=1

N2X

i2=1

· · ·

· · ·
NKX

iK=1

p(xi1 , xi2 , . . . , xiK ) log(p(xi1 , xi2 , . . . , xiK )).

Nk k = 1, 2, . . . , K

Xk

K

H(X1X2 . . . XK) ∑ H(X1) + H(X2) + . . . + H(XK).

(X, PX)

X = {x1, x2, . . . , xN} PX = {px1, px2, . . . , pxN}
(Y, PY ) Y = {y1, y2, . . . , yM}

PY = {py1, py2, . . . , pyM}
(Y, PY ) yj

&



c∞

xi (X,PX)

p(xi/yj) =
p(xi, yj)

p(yj)
.

p(xi/yj) (xi, yj)

(XY,PXY ) (Y, PY )

yj

H(X/yj) = °
NX

i=1

p(xi/yj) log(p(xi/yj)).

H(X/yj) yj

(XY, PXY )

(Y, PY )

H(X/Y ) =

MX

j=1

H(X/yj)p(yj) = °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi/yj)).

(X, PX)

H(Y/X) =

NX

i=1

H(Y/xi)p(xi) = °
NX

i=1

MX

j=1

p(xi, yj) log(p(yj/xi)).

H(X/Y ) = H(XY )°H(Y ),

H(Y/X) = H(XY )°H(X).
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H(X/Y ) = °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi/yj)) =

= °
NX

i=1

MX

j=1

p(xi, yj) log

∑
p(xi, yj)

p(yj)

∏
=

= °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi, yj)) +

NX

i=1

MX

j=1

p(xi, yj) log(p(yj)) =

= H(XY ) +

MX

j=1

p(yj) log(p(yj)) = H(XY )°H(Y ).

®

X = {x1, x2, . . . , xN}
Y = {y1, y2, . . . , yM} PX PY

I(X; Y ) = H(X)°H(X/Y ).

• X Y

I(X; Y ) = I(Y ; X).

•

I(X; Y ) ∏ 0.

I(X; Y ) = H(X)°H(X/Y ) = H(X)° (H(XY )°H(Y )) )

) I(X; Y ) = H(X) + H(Y )°H(XY ).

&
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I(X; Y ) =

I(Y ; X) I(X; Y ) ∏
0

®

Kullback-Leibler

I(X; Y ) = °
NX

i=1

p(xi) log(p(xi)) +

NX

i=1

MX

j=1

p(xi, yj) log(p(xi/yj)) =

= °
NX

i=1

MX

j=1

p(xi, yj) log(p(xi)) +

NX

i=1

MX

j=1

p(xi, yj) log(p(xi/yj)) =

=

NX

i=1

MX

j=1

p(xi, yj) log

µ
p(xi, yj)

p(xi)p(yj)

∂
= H(XY, PXY /(PX · PY )).

H(XY,PXY /(PX · PY )) Kullback Leibler

PXY PX ·PY

XY PX · PY

X Y

p(xi, yj) =

p(xi)p(yj)8i, j I(X; Y ) = 0

i, j p(xi/yj) = 0 p(xi/yj) = 1 H(X/Y ) = 0

I(X; Y ) = H(X)

(X, PX)

(Y, PY )

(X, PX)

&
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(Y, PY ) (X, PX)

yj (Y, PY )

yj

xi

xi

° log(p(xi)) yj

xi yj ° log(p(xi/yj))

yj

I(xi; yj) = log(p(xi/yj))° log(p(xi)).

(xi, yj)

(X,PX)

(Y, PY )

I(X; Y ) =

NX

i=1

MX

j=1

I(xi; yj)p(xi, yj) =

=

NX

i=1

MX

j=1

[log(p(xi/yj))° log(p(xi))] p(xi, yj) =

=

NX

i=1

MX

j=1

p(xi, yj) log(p(xi/yj))°
NX

i=1

MX

j=1

p(xi, yj) log(p(xi)) =

= °H(X/Y )°
NX

i=1

p(xi) log(p(xi)) = °H(X/Y ) + H(X).

&
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A = {0, 1} PA = {0.7, 0.3}
p(0) = 0.7

p(1) = 0.3 p(0) + p(1) = 1

I(0) = ° log(p(0)) = ° log(0.7) ' 0.515 bits,

I(1) = ° log(p(1)) = ° log(0.3) ' 1.737 bits.

H(A) = °p(0) log(p(0))° p(1) log(p(1)) '

' 0.7 · 0.515 + 0.3 · 1.737 = 0.8816 bits/symbol.

{ }

14
3 £ 9000 = 24696000

° log(1/24696000) ' 24.56 bits.

X

PX = {0.3, 0.7} QX = {0.6, 0.4}
Kullback-Leibler H(X, PX/QX) H(X, QX/PX)

H(X, PX/QX) =

X

i=1,2

pi log

µ
pi

qi

∂
=

= 0.3 log(0.3/0.6) + 0.7 log(0.7/0.4) ' 0.2651

&
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H(X, QX/PX) =

X

i=1,2

qi log

µ
qi

pi

∂
=

= 0.6 log(0.6/0.3) + 0.4 log(0.4/0.7) ' 0.277

H(X, PX/QX) 6= H(X,QX/PX)

X N PX = {p1, p2,

. . . , pN}

H(p1, p2, p3, . . . , pN) = H(p1 + p2, p3, . . . , pN)+

+(p1 + p2)H(
p1

p1 + p2
,

p2

p1 + p2
).

H(p1 + p2, p3, . . . , pN) + (p1 + p2)H(
p1

p1 + p2
,

p2

p1 + p2
) =

= °(p1 + p2) log(p1 + p2)°
NX

i=3

pi log(pi)+

+(p1 + p2)

∑
° p1

p1 + p2
log(

p1

p1 + p2
)° p2

p1 + p2
log(

p2

p1 + p2
)

∏
=

= °p1 log(p1 + p2)° p1 log(
p1

p1 + p2
)°

°p2 log(p1 + p2)° p2 log(
p2

p1 + p2
)°

°
NX

i=3

pi log(pi) =

= °p1 log(p1)° p2 log(p2)°
NX

i=3

pi log(pi) = H(p1, p2, p3, . . . , pN).

X = {£,U} Y = {ß, §}

p(£) = 0.2, p(ß) = 0.3, p(£,§) = 0.15.

XY H(X/Y )

H(Y/X)

&
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p(£) + p(U) = 1 ) p(U) = 1° 0.2 ) p(U) = 0.8,

p(ß) + p(§) = 1 ) p(§) = 1° 0.3 ) p(§) = 0.7.

p(£,§) + p(£,ß) = p(£) ) p(£, ß) = 0.2° 0.15 ) p(£,ß) = 0.05,

p(£,ß) + p(U, ß) = p(ß) ) p(U,ß) = 0.3° 0.05 ) p(U,ß) = 0.25,

p(£,§) + p(U,§) = p(§) ) p(U, §) = 0.7° 0.15 ) p(U,§) = 0.55.

PXY =

"
p(£,ß) p(£,§)

p(U,ß) p(U,§)

#
=

"
0.05 0.15

0.25 0.55

#
.

p(a/b) = p(a, b)/p(b)

p(£/ß) = p(£,ß)/p(ß) = 0.05/0.3 ' 0.1667,

p(£/§) = p(£,§)/p(§) = 0.15/0.7 ' 0.2143,

p(U/ß) = p(U,ß)/p(ß) = 0.25/0.3 ' 0.8333,

p(U/§) = p(U,§)/p(§) = 0.55/0.7 ' 0.7857,

p(ß/£) = p(£,ß)/p(£) = 0.05/0.2 = 0.25,

p(ß/U) = p(U,ß)/p(U) = 0.25/0.8 = 0.3125,

p(§/£) = p(£,§)/p(£) = 0.15/0.2 = 0.75,

p(§/U) = p(U,§)/p(U) = 0.55/0.8 = 0.6875.

PX/Y =

"
p(£/ß) p(U/ß)

p(£/§) p(U/§)

#
'

"
0.1667 0.8333

0.2143 0.7857

#
,

PY/X =

"
p(ß/£) p(§/£)

p(ß/U) p(§/U)

#
=

"
0.25 0.75

0.3125 0.6875

#
.

&
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H(X) = °
X

x2{£,U}

p(x) log(p(x)) = °0.2 log(0.2)° 0.8 log(0.8) '

' 0.722 bits/symbol,

H(Y ) = °
X

y2{ß,§}

p(x) log(p(x)) = °0.3 log(0.3)° 0.7 log(0.7) '

' 0.881 bits/symbol.

XY

H(XY ) = °
X

x2{£,U}

X

y2{ß,§}

p(x, y) log(p(x, y)) =

= °0.05 log(0.05)° 0.15 log(0.15)° 0.25 log(0.25)° 0.55 log(0.55) '

' 1.601 bits/symbol.

H(XY ) ∑ H(X)+H(Y )

1.601 < 0.722 + 0.881

H(X/Y ) = °
X

x2{£,U}

X

y2{ß,§}

p(x, y) log(p(x/y)) =

= °0.05 log(0.1667)° 0.15 log(0.2143)° 0.25 log(0.8333)°

°0.55 log(0.7857) ' 0.720 bits/symbol,

H(Y/X) = °
X

x2{£,U}

X

y2{ß,§}

p(x, y) log(p(y/x)) =

= °0.05 log(0.25)° 0.15 log(0.75)° 0.25 log(0.3125)°

°0.55 log(0.6875) ' 0.879 bits/symbol.

&



c∞

X Y

I(X; Y ) = H(X)°H(X/Y ) ' 0.722° 0.720 = 0.002 bits/symbol,

I(X; Y ) = H(Y )°H(Y/X) ' 0.881° 0.879 = 0.002 bits/symbol.

Kullback-Leibler

P = {0.2, 0.3, 0.5} Q = {0.4, 0.5, 0.1}
H(X,P/Q) = H(X, Q/P )

X = {x1, x2} Y = {y1, y2}
p(x1) = 0.25 p(y1/x1) = 0.2

p(y1/x2) = 0.4 H(X) H(Y )

H(XY ) H(X/Y ) H(Y/X)

X Y

&
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X, Y, Z {a1, a2,

. . . , aN} Pk = {pk1, pk2, . . . , pkN}
k = X, Y, Z ∏pXi + (1 ° ∏)pY i = pZi i = 1, 2, . . . , N

∏H(X) + (1° ∏)H(Y ) ∑ H(Z)

&
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(X,PX)

(X, PX)

(Y, PY ) (Y, PY )

(Y, PY ) (X, PX)

1 2

( , )
{ , ,..., }

X

N

X P
x x x 1 2

( , )
{ , ,..., }

Y

M

Y P
y y y

(X, PX)

(Y, PY )

&
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X = {x1, x2,. . . , xN} Y = {y1, y2,. . . , yM}

PY/X =

2

66664

p(y1/x1) p(y2/x1) · · · p(yM/x1)

p(y1/x2) p(y2/x2) · · · p(yM/x2)

· · · · · · · · · · · ·
p(y1/xN) p(y2/xN) · · · p(yM/xN)

3

77775
.

X Y N M

PY/X N M

N 6= M

x1 y1 y3

y3

x1 x3

PY/X

PX = [p(x1) p(x2) . . . p(xN)]

PY = [p(y1) p(y2) . . . p(yM)]

PY = PX · PY/X .

&
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1 1

2 2

3 3

N M

x y
x y
x y

x y

1 1( / )p y x

( / )M Np y x

3 1( / )p y x

3 3( / )p y x

DX =

2

66664

p(x1) 0 · · · 0

0 p(x2) · · · 0

· · · · · · · · · · · ·
0 0 · · · p(xN)

3

77775
,

PY/X

PXY

PXY =

2

66664

p(x1, y1) p(x1, y2) · · · p(x1, yM)

p(x2, y1) p(x2, y2) · · · p(x2, yM)

· · · · · · · · · · · ·
p(xN , y1) p(xN , y2) · · · p(xN , yM)

3

77775
= DX · PY/X .

PXY

H(XY )

H(XY )

&
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xi

yj

p(yj/xi)

PY/X

p(xi/yj) PX/Y

(Y, PY )

H(X/Y ) H(X/Y )

p(xi/yj)

yj

xi

H(X/Y )

H(X/Y )

(X,PX)

xi

&
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yj

H(Y/X)

H(Y/X)

p(yj/xi)

H(Y/X) = 0

H(Y/X)

H(XY )

(X, PX) (Y, PY )

H(Y ) = H(X)°H(X/Y ) + H(Y/X).

H(X)°H(X/Y ) + H(Y/X) = °
X

x2X

p(x) log(p(x))+

+

X

x2X

X

y2Y

p(x, y) log(p(x/y))°
X

x2X

X

y2Y

p(x, y) log(p(y/x)) =

= °
X

x2X

X

y2Y

p(x, y) log(p(x))+

+

X

x2X

X

y2Y

p(x, y) log(p(x/y))°
X

x2X

X

y2Y

p(x, y) log(p(y/x)) =

= °
X

x2X

X

y2Y

p(x, y) log

µ
p(x)p(y/x)

p(x/y)

∂
= °

X

x2X

X

y2Y

p(x, y) log(p(y)) =

= °
X

y2Y

p(y) log(p(y)) = H(Y )

®

&
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(X, PX) (Y, PY )

I(X; Y ) = H(X)°H(X/Y ).

(X,PX) (Y, PY )

I(X; Y ) = H(Y )°H(Y/X).

C

X Y

C = max
PX

{I(X; Y )}.

bits/symbol

N = M

&
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1 1

2 2

3 3

x y
x y
x y

1

1

1

p(xi/yj) p(yj/xi)

xi

yi p(xi) = p(yi)

PX = PY

H(X/Y ) = H(Y/X) = 0,

N £N

PY/X =

2

66664

1 0 · · · 0

0 1 · · · 0

· · · · · · · · · · · ·
· · · · · · · · · 1

3

77775
.

I(X; Y ) = H(X) = H(Y ).

C = max
PX

{I(X; Y )} = max
PX

{H(X)} = max
PY

{H(Y )} = log(N).

PX

H(X)

PX = [1/N, 1/N, . . . , 1/N ].

&



c∞

1 1

2

2 3

4

x y
y

x y
y

0.4
0.6

0.7
0.3

M > N

p(xi/yj)

H(X/Y ) = 0,

I(X; Y ) = H(X).

p(yj/xi)

PY/X

"
p(y1/x1) p(y2/x1) p(y3/x1) p(y4/x1)

p(y1/x2) p(y2/x2) p(y3/x2) p(y4/x2)

#
=

"
0.4 0.6 0 0

0 0 0.7 0.3

#
.

C = max
PX

{I(X; Y )} = max
PX

{H(X)} = log(N),

PX = [1/N, 1/N, . . . , 1/N ].

&
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1 1

2

3 2

4

5

x y
x
x y
x
x

1

1
1
1

1

M < N

p(yj/xi)

H(Y/X) = 0,

I(X; Y ) = H(Y ).

C = max
PX

{I(X; Y )} = max
PX

{H(Y )} = log(M),

PY = [1/M, 1/M, . . . , 1/M ].

2

66666664

p(y1/x1) p(y2/x1)

p(y1/x2) p(y2/x2)

p(y1/x3) p(y2/x3)

p(y1/x4) p(y2/x4)

p(y1/x5) p(y2/x5)

3

77777775

=

2

66666664

1 0

1 0

0 1

0 1

0 1

3

77777775

.

&
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1 1

2 2

3 3

x y

x y

x y

0.2

0.3

0.3

0.3

0.2

0.2

0.5

0.5

0.5

2

664

p(y1/x1) p(y2/x1) p(y3/x1)

p(y1/x2) p(y2/x2) p(y3/x2)

p(y1/x3) p(y2/x3) p(y3/x3)

3

775 =

2

664

0.2 0.3 0.5

0.3 0.5 0.2

0.5 0.2 0.3

3

775 .

H(Y/X) = °
NX

i=1

MX

j=1

p(xi, yj) log(p(yj/xi)) =

= °
NX

i=1

p(xi)

MX

j=1

p(yj/xi) log(p(yj/xi)) =

= °
"

MX

j=1

p(yj/xi) log(p(yj/xi))

#"
NX

i=1

p(xi)

#
=

= °
MX

j=1

p(yj/xi) log(p(yj/xi)).

MX

j=1

p(yj/xi) log(p(yj/xi))

&
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i

I(X; Y ) = H(Y )°H(Y/X) = H(Y ) +

MX

j=1

p(yj/xi) log(p(yj/xi)).

C = log(M) +

MX

j=1

p(yj/xi) log(p(yj/xi)).

PY = [1/M, 1/M, . . . , 1/M ].

{0x, 1x} {0y, 1y}
x, y

p

1° p

"
p(0y/0x) p(1y/0x)

p(0y/1x) p(1y/1x)

#
=

"
p 1° p

1° p p

#
.

C = log(2) + p log(p) + (1° p) log(1° p) = 1°Hb(p),

Hb(p) Shannon

&
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0 0

1 1

p

p

1-p

1-p

0 0

1 1
e

p

p

1-p

1-p

{0x, 1x} {0y, 1y, e}
p

e

e

{0x, 1x}

"
p(0y/0x) p(e/0x) p(1y/0x)

p(0y/1x) p(e/0x) p(1y/1x)

#
=

"
p 1° p 0

0 1° p p

#
.

p(0x/0y) = 1, p(0x/1y) = 0,

p(1x/0y) = 0, p(1x/1y) = 1.

p(0x, 1y) p(1x, 0y) p(0x, 1y) =

p(1x, 0y) = 0 p(e)

p(e) = p(0x, e) + p(1x, e) = p(e/0x)p(0x) + p(e/1x)p(1x) =

= (1° p)p(0x) + (1° p)p(1x) = 1° p.

&
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H(X/Y ) = °p(0x, e) log(p(0x/e))° p(1x, e) log(p(1x/e)) =

= °p(e/0x)p(0x) log

µ
p(e/0x)p(0x)

p(e)

∂

°p(e/1x)p(1x) log

µ
p(e/1x)p(1x)

p(e)

∂
=

= °(1° p)p(0x)

∑
log(p(0x)) + log

µ
1° p

p(e)

∂∏

°(1° p)p(1x)

∑
log(p(1x)) + log

µ
1° p

p(e)

∂∏
=

= (1° p)H(X).

I(X; Y ) = H(X)°H(X/Y ) = H(X)° (1° p)H(X) = pH(X),

C = max
PX

{I(X; Y )} = p log(2) = p,

PX = {0.5, 0.5}

(Y, PY )

K

1, 2, 3, . . . , K

P (Yk/Xk)

k k Xk

Yk Xk k

&



c∞

 1

 1

1 2

( , )
{ , ,..., }

X

N

X P
x x x

 1 – 

1 2

( , )
{ , ,..., }

Y

M

Y P
y y y

 2

 2

1 2

( , )
{ , ,..., }

Z

L

Z P
z z z

Yk°1 Xk ¥ Yk°1 Yk

k Xk+1 Yk ¥ Xk+1

PX

PY/X

PY = PX · PY/X

PYK = PX1 · PY1/X1 · PY2/X2 · · ·PYK/XK
= PX1 ·

KY

k=1

PYk/Xk
.

PYK/X1 =

KY

k=1

PYk/Xk
.

I(X; Z)

I(X; Y )

I(X; Y )° I(X; Z) = H(X)°H(X/Y )°H(X) + H(X/Z) =

= H(X/Z)°H(X/Y ) =

= °
NX

i=1

LX

l=1

p(xi, zl) log(p(xi/zl)) +

NX

i=1

MX

j=1

p(xi, yj) log(p(xi/yj)) =

&
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= °
NX

i=1

MX

j=1

LX

l=1

p(xi, yj, zl) log(p(xi/zl))

+

NX

i=1

MX

j=1

LX

l=1

p(xi, yj, zl) log(p(xi/yj)) =

=

NX

i=1

MX

j=1

LX

l=1

p(xi, yj, zl) log

µ
p(xi/yj)

p(xi/zl)

∂
.

p(xi/yj, zl) = p(xi/yj).

p(xi, yj, zl) = p(xi/yj, zl)p(yj, zl).

I(X; Y )° I(X; Z) =

MX

j=1

LX

l=1

p(yj, zl)

"
NX

i=1

p(xi/yj, zl) log

µ
p(xi/yj, zl)

p(xi/zl)

∂#
.

Kullback-Leibler

I(X; Y )° I(X; Z) ∏ 0,

max
PX

{I(X; Y )}°max
PX

{I(X; Z)} ∏ 0 )

) CX;Y ∏ CX;Z .

®

&
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Muroga

PY/X

PY/X

(N = M)

Muroga

N

p(y1/x1) · A1 + p(y2/x1) · A2 + · · · + p(yN/x1) · AN =

=

NX

j=1

p(yj/x1) log(p(yj/x1))

p(y1/x2) · A1 + p(y2/x2) · A2 + · · · + p(yN/x2) · AN =

=

NX

j=1

p(yj/x2) log(p(yj/x2))

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

p(y1/xN) · A1 + p(y2/xN) · A2 + · · · + p(yN/xN) · AN =

=

NX

j=1

p(yj/xN) log(p(yj/xN))

A1, A2, . . . , AN

C = log

√
NX

i=1

2
Ai

!
.

p(yj) = 2
Aj°C , 1 ∑ j ∑ N.

&
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PY = PX · PY/X ,

PY/X

e =

0.1

p = 1 ° 0.1 =

0.9

C = 1°Hb(p) = 1 + p log(p) + (1° p) log(1° p) =

1 + 0.9 log(0.9) + 0.1 log(0.1) ' 0.531 bits/symbol

C = p = 0.9 bits/symbol

PY/X =

2

664

0.2 0.5 0.3

0.5 0.3 0.2

0.3 0.2 0.5

3

775 .

C = log(M) +

MX

j=1

p(yj/xi) log(p(yj/xi)) =

= log(3) + 0.2 log(0.2) + 0.3 log(0.3) + 0.5 log(0.5) '

' 0.099 bits/symbol

&
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PXY =

2

66664

0.25 0 0.1

0 0.3 0.05

0.1 0.05 0

0 0 0.15

3

77775
.

H(X) H(Y )

PY/X H(Y/X)

H(X/Y )

p(x1) =

3X

j=1

p(x1, yj) = 0.25 + 0 + 0.1 = 0.35

p(x2) =

3X

j=1

p(x2, yj) = 0 + 0.3 + 0.05 = 0.35

p(x3) =

3X

j=1

p(x3, yj) = 0.1 + 0.05 + 0 = 0.15

p(x4) =

3X

j=1

p(x4, yj) = 0 + 0 + 0.15 = 0.15

p(y1) =

4X

i=1

p(xi, y1) = 0.25 + 0 + 0.1 + 0 = 0.35

p(y2) =

4X

i=1

p(xi, y2) = 0 + 0.3 + 0.05 + 0 = 0.35

p(y3) =

4X

i=1

p(xi, y3) = 0.1 + 0.05 + 0 + 0.15 = 0.3

H(X) = °
4X

i=1

p(xi) log(p(xi)) = 1.881 bits/symbol.

H(Y ) = °
3X

j=1

p(yj) log(p(yj)) = 1.581 bits/symbol.

&
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PY/X

p(yj/xi) = p(yj, xi)/p(xi)

PY/X =

2

66664

0.25/0.35 0 0.1/0.35

0 0.3/0.35 0.05/0.35

0.1/0.15 0.05/0.15 0

0 0 0.15/0.15

3

77775
=

2

66664

5/7 0 2/7

0 6/7 1/7

2/3 1/3 0

0 0 1

3

77775
.

H(Y/X)

H(Y/X) = °
4X

i=1

3X

j=1

p(xi, yj) log(p(yj/xi)) = 0.6469 bits/symbol.

H(X/Y )

H(X/Y ) = °
4X

i=1

3X

j=1

p(xi, yj) log(p(xi/yj)) =

= °
4X

i=1

3X

j=1

p(xi, yj) log(
p(xi, yj)

p(yj)
) = 0.947 bits/symbol.

PY/X

P (1)
=

"
0.75 0.25 0

0 0.25 0.75

#
, P (2)

=

2

664

1 0

1 0

0 1

3

775 , P (3)
=

"
0.6 0.4

0.4 0.6

#
.

P (1)

P (3)

P (1)

"
p 1° p 0

0 1° p p

#

p = 0.75

C1 = p = 0.75 bits/symbol.

C2 = log(M) = log(2) = 1 bit/symbol.

&
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"
p 1° p

1° p p

#
.

p = 0.6

C3 = 1°Hb(p) = 1 + 0.6 log(0.6) + 0.4 log(0.4) = 0.029 bits/symbol.

P

P = P (1) · P (2) · P (3)
=

=

"
0.75 0.25 0

0 0.25 0.75

#
·

2

664

1 0

1 0

0 1

3

775 ·
"

0.6 0.4

0.4 0.6

#
=

=

"
0.6 0.4

0.45 0.55

#
.

Muroga

0.6 · A1 + 0.4 · A2 = 0.6 log(0.6) + 0.4 log(0.4) = °0.9710

0.45 · A1 + 0.55 · A2 = 0.45 log(0.45) + 0.55 log(0.55) = °0.9928

A1 = °0.912866, A2 = °1.058199.

Muroga

C = log

√
NX

i=1

2
Ai

!
= log(2

°0.912866
+ 2

°1.058199
) =

0.0163 bits/symbol.

&
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PY/X =

2

66664

p 1° p 0 0

1° p p 0 0

0 0 p 1° p

0 0 1° p p

3

77775
.

PXY =

2

664

0.2 0 0.1 0

0 0.3 0.05 0

0.1 0.05 0 0.2

3

775 .

H(X) H(Y )

PY/X H(Y/X)

H(X/Y )

PY/X =

2

664

3/4 1/4 0

1/8 3/4 1/8

1/4 0 3/4

3

775 .

X = {x1, x2}
PX = {0.75, 0.25}

PY/X =

"
2/3 1/3

1/3 2/3

#
.
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•

•

•

w1, w2, . . . , wM

M

W = {w1, w2, . . . , wM}

M

&



c∞

Morse

Morse

X = {A, B, C, . . . , Z}
W = {·,°, }

X = {x1, x2,

. . . , xN} W = {w1, w2, . . . , wM}
C X

U§

X
C7°! U§

=

R[

r=1

W r
=

R[

r=1

W £W £ · · ·£W| {z }
r

.

W r

r

W = {¶, ±}
W 2 W 2

=

{¶¶, ¶±, ±¶, ±±} C

U§ U§

U U§ U µ U§

Morse

•
N = 26

&



c∞

• M =

3 W = {·,°, }

•

Morse

A ·° J ·°°° S ···
B °··· K °·° T °
C °·°· L ·°·· U ··°
D °·· M °° V ···°
E · N °· W ·°°
F ··°· O °°° X °··°
G °°· P ·°°· Y °·°°
H ···· Q °°·° Z °°··
I ·· R ·°·

Morse

U§
=

5[

r=1

W r,

U§

U µ U§

C 0

U
C0
7°! X.

C

C 0

C°1

&
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C

Morse

ASCII-7

Morse

E

Q

C 0 U

U = C(X) µ U§

&
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Shannon, Shannon-Fano

HuÆman

LZW Lempel-Ziv-Welch

&
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{ k

0110

{ k { j z

j z
j

z

z
z

&
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{
j
z
k

!

!

!

!

&



c∞

ui 2 U li

uj lj > li ui

xi uj xj t = ui . . .

li ui

t li

ui uj

t = ui . . .

li

xi xj

ui

t

®

&
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000 001 010 011 100 101 110 111

00 01 10 11

0 1

r

0 1 0 1 0 1 0 1

0 1 0 1

0 1

U§

L = 3

M W =

{w1, w2, . . . , wM}
X = {x1, x2, . . . , xN}

L ui i = 1, 2, . . . , N

U U§

L

ui 2 U µ U§
=

l=L[

l=1

W l.

U§

U§ U§

L = 3

r

U§

M

&
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000 001 010 110 111

00 01 10 11

0 1

r

0 1 0 0 1

0 1 0 1

0 1

A B ! ! !

!

&
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000 001 010 110 111

00 01 10 11

0 1

r

0 1 0 0 1

0 1 0 1

0 1

A B ! ! !

!

Kraft

M

M N

L

L

li i = 1, 2, . . . , N N M

ML ∏
NX

i=1

ML°li

NX

i=1

M°li ∑ 1.

Kraft

&
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li i = 1, 2, . . . , N

NX

i=1

M°li ∑ 1,

M N l1, l2, . . . , lN

M

l1, l2, . . . , lN

NX

i=1

M°li ∑ 1.

Kraft

Kraft

M

M

McMillan

&
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000 001

00 01 10 11

0 1

r

0 1

0 1 0 1

0 1

A B

!! !

Kraft

Kraft

M l1, l2, . . . , lN

NX

i=1

M°li ∑ 1.

Kraft

McMillan

&
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000 001

00 01 10

0 1

r

0 1

0 1 0

0 1

A B

!!

000 001

00 01

0 1

r

0 1

0 1

0 1

"

!

A B

!!!

"!!

Kraft
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Kraft

McMillan

• M

l1, l2, . . . , lN

Kraft-McMillan

{0, 01, 001}
{1, 2, 3}

P
2
°li = 7/8 ∑ 1

• M

McMillan

M

•

X = {x1, x2, . . . , xN}
PX = {p1, p2, . . . , pN}

M

W = {w1, w2, . . . , wM} xi

ui li

N

L

L = dlogM(N)e,

logM(N)

&
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L̄ =

NX

i=1

pi · li.

L̄ = L = dlogM(N)e.

L̄§

L̄§ = min
l1,l2,...,lN

{L̄} = min
l1,l2,...,lN

{
NX

i=1

pi · li}.

Kraft

Lagrange

l§i = ° logM(pi), 1 ∑ i ∑ N.

&
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L̄§ =

NX

i=1

pi · l§i = °
NX

i=1

pi · logM(pi) =

= °
NX

i=1

pi · log(pi)/ log(M) = H(X)/ log(M).

H(X)/ log(M) (X, PX)

M M

H(X)

M

M

li = dl§i e = d° logM(pi)e, 1 ∑ i ∑ N.

li i = 1, 2, . . . , N

Kraft

Kraft

NX

i=1

M°l§i ∑ 1.

l§i ∑ li ) M°l§i ∏ M°li .

NX

i=1

M°li ∑
NX

i=1

M°l§i ∑ 1.

®

&
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H(X)

log(M)
∑ L̄ ∑ H(X)

log(M)
+ 1

li = d° logM(pi)e ) ° logM(pi) ∑ li ∑ ° logM(pi) + 1, 1 ∑ i ∑ N.

°pi logM(pi) ∑ pili ∑ °pi logM(pi) + pi )

°
NX

i=1

pi logM(pi) ∑
NX

i=1

pili ∑ °
NX

i=1

pi logM(pi) +

NX

i=1

pi )

H(X)

log(M)
∑ L̄ ∑ H(X)

log(M)
+ 1.

®

Kraft

Shannon

H(X)/ log(M) + 1

H(X)/ log(M)

Shannon

&
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Shannon

N M

M

n (Xn, PXn) (X, PX)

n M

M

(X,PX)

n (X, PX) (Xn, PXn)

n Xn

Xn
= X £X £ · · ·£X| {z }

n

.

n

n X

H(Xn
) = nH(X).

M

L̄

H(Xn
)

log(M)
∑ L̄ ∑ H(Xn

)

log(M)
+ 1.

H(X)

log(M)
∑ L̄

n
∑ H(X)

log(M)
+

1

n
.

L̄/n

(X, PX)

(X,PX)

(X, PX) M

H(X)/ log(M)+1/n

H(X)/ log(M) n

&
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®

Shannon

xi pi I II III IV V

I II III IV V

X £ X X X
£ £ X X X
£ £ X X £

L̄

I

II

II

&



c∞

III

IV

V

L̄ =

4X

i=1

pi · li.

{1, 2, 3, 3, 2, 3}

Kraft

NX

i=1

3
°i

= 3
°1

+ 3
°2

+ 3
°3

+ 3
°3

+ 3
°2

+ 3
°3

= 18/27 ∑ 1.

M

1, 2, . . . , n, ...

Kraft

1X

n=1

M°n
=

1X

n=1

µ
1

M

∂n

=
1

M ° 1
.

n = 1

1

M
< 1 ) M > 1.

1

M ° 1
∑ 1 ) M > 1.

M ∏ 2

&
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X = {0, 1}
PX = {0.9, 0.1}

(X,PX)

(X2, PX2)

M = 2

li = d° log(pi)e, 1 ∑ i ∑ N

xi pi l§ = ° log(pi) li = d° log(pi)e

0.9 + 0.4 = 1.3 bits

(xi, xj) pi l§ = ° log(pi) li = d° log(pi)e

0.9£ 0.9 = 0.81

0.9£ 0.1 = 0.09

0.1£ 0.9 = 0.09

0.1£ 0.1 = 0.01

L̄ = 0.81 + 4£ 0.09 + 4£ 0.09 + 7£ 0.01 = 1.6

bits

bits

&
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xi pi I II III IV

{1, 4, 3, 3, 2, 3}

x1 x3 x5

x2 x4 x6

X = {0, 1, 2}
PX = {0.7, 0.2, 0.1}

(X,PX)

(X2, PX2)

X = {a, b}
PX = {0.4, 0.6}

&
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&



c∞

&
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X,PX N

p1, p2, . . . , pN

p1 ∏ p2 ∏ . . . ∏ pN

l1, l2, . . . , lN N

l1 ∑ l2 ∑ . . . ∑ lN

p1 ∏ p2 ∏ . . . ∏ pN .

lN = lN°1

M

M

&
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C

li > lj pi > pj

C 0 C

i j l0i = lj

l0j = li L̄ L̄0 C C 0

L̄° L̄0 = pi · li + pj · lj ° pi · l0i + pj · l0j =

= pi · li + pj · lj ° pi · lj ° pj · li =

= (pi ° pj) · (li ° lj) > 0.

C 0 C

C

®

lN >

lN°1 (N ° 1)

N

lN°1 N

lN ° lN°1

lN = lN°1

®

&
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HuÆman

David HuÆman

GZIP JPEG

HuÆman

HuÆman

HuÆman

HuÆman

&
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B (0.4) A (0.2) (0.2)

(0.2)

(0.4)

(1.0)

(0.6)

HuÆman

HuÆman

xi

pi

HuÆman

IV

&
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B (0.4)  (0.2) (0.2)

(0.2)

(0.4)

(1.0)

(0.6)

HuÆman

HuÆman

HuÆman

HuÆman

HuÆman

æ2
=

NX

i=1

pi · (li ° L̄)
2.

HuÆman

&
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(0.1)  (0.4)

(0.2)

(0.4)

(1.0)

(0.6)

HuÆman

buÆer

HuÆman

HuÆman

HuÆman

&
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HuÆman

1
¥

2
¥

3
¥

xi pi ci li ci li ci li

L̄

æ2

H(X)

log(M)
∑ L̄ ∑ H(X)

log(M)
+ 1,

H(X) = °0.4 · log(0.4)° 2 · 0.2 · log(0.2)° 2 · 0.1 · log(0.1) ' 2.122,

M = 2 2.122 ∑ 2.2 ∑ 3.122

HuÆman

M HuÆman

M ° 1

M n

N = M + n(M ° 1)

N ° 1 = (n + 1)(M ° 1),

n + 1 N ° 1

M °1

&
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HuÆman

HuÆman

HuÆman

HuÆman

bit

bits

1000 · log(0.999) ' 1.4 bits HuÆman

bits

n d

d p(1), p(2), . . . , p(n)

n

s =

nY

i=1

p(i).

d

s

&
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{a, b, c} PX = {pa = 0.2, pb = 0.5, pc = 0.3}

[0, 1]

[0, 1]

[0, 0.2) ! a, [0.2, 0.7) ! b, [0.7, 1.0) ! c.

b

[0.2, 0.7)

[0.2, 0.7) b

[0.2, 0.7)

[0.2, 0.3) ! a, [0.3, 0.55) ! b, [0.55, 0.7) ! c.

a

[b a]

[0.2, 0.3)

[b a b c a].

&
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0.0
0.2 0.7

1.0b ca

0.2
0.3 0.55

0.7b ca

0.2
0.22 0.27

0.3b ca

0.22
0.23 0.255

0.27b ca

0.255
0.258 0.2655

0.27b ca

[b a b c a]

[b a b c]

[b a b]

[b a]

[b]

[b a b c a]

[0.255, 0.258) d = 0.257

d

d k

[0.255, 0.258)

k = d° log(s)e+ 1

s

s = 0.258° 0.255 = 0.003

k = d° log(s)e+ 1 = d8.381e+ 1 = 10.

[b a b c a]

[b a b c a] ! [0.255, 0.258) ! 2.57 ! 0.010000011100 . . . ! 0100000111.

&
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x

[0, 1]

lowx

px highx

highx = lowx + px.

LOW HIGH

[LOW,HIGH]

LOW = 0.0

HIGH = 1.0

WHILE (not end of message)

READ (x)

RANGE = HIGH ° LOW

LOW = LOW + RANGE § lowx

HIGH = LOW + RANGE § px

END WHILE

OUTPUT (LOW,HIGH)

s = 0.999
1000

= 0.367695424771.

k = d° log(s)e+ 1 = k = d1.443416869669e+ 1 = 3

&
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[0, 1)

{lowx, px} x

d = 2
°2

+ 2
°8

+ 2
°9

+ 2
°10

= 0.2568359375.

d [0.2, 0.7)

b b

b d

b d

pb d

d° lowb = 0.2568359375° 0.2 = 0.0568359375

d = 0.0568359375/pb = 0.0568359375/0.5 = 0.113671875

d [0, 0.2)

a

d° lowa = 0.113671875° 0 = 0.113671875

d = 0.113671875/pa = 0.113671875/0.2 = 0.568359375

d [0.2, 0.7)

b

&
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d° lowb = 0.568359375° 0.2 = 0.368359375

d = 0.368359375/pb = 0.368359375/0.5 = 0.73671875

d [0.7, 1.0)

c

d° lowc = 0.73671875° 0.7 = 0.03671875

d = 0.03671875/pc = 0.03671875/0.3 = 0.1223958333333

d [0, 0.2)

a

b a b c a

d° lowa = 0.1223958333333° 0 = 0.1223958333333

d = 0.1223958333333/pa = 0.1223958333333/0.2 = 0.6119791666667

b

d

n

{lowx, px}
x

&
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GET (d, n)

FOR (k = 1 TO n)

RECOGNIZE SY MBOL (x) IF d 2 [lowx, highx)

OUTPUT (x)

d = d° lowx

d = d/px

END FOR

String-

Matching Codes

HuÆman

pi

string-matching codes

HuÆman

string-matching

string-matching

string-matching

Jacob Ziv Abraham Lempel

Ziv Lempel

LZ77

zip

PKZIP, gzip, zipit

&
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dictionary lookahead buffer

LZ77

LZ77

LZ78 Terry Welch

LZ78 LZW

LZ78 LZW

ITU-T V.42 bis GIF

compress UNIX

LZ77, LZ78, LZW

string-matching

LZ77

LZ77

cursor

dictionary

lookahead buÆer

lookahead buÆer

lookahead buÆer

dictionary

&
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lookahead buÆer

(p, n, c)

• p dictionary

p

• n

• c

n + 1 c

LZ77

dictionary lookahead

buÆer

LZ77(6,4)

lookahead buÆer

dictionary

lookahead buÆer

(p, n, c)

n > p

lookahead buÆer

n

&
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LZ77(6,4).

(p, n, c) p

n

c

&
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LZ77

LZ77 LZSS Variant

c

bit

(p, n) LZ77

c

LZ77 HuÆman

LZ77 p n c

HuÆman

Gzip

&
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&
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I(A)

A

I(A) p(A)

A B

I(A \B) = I(p(A)p(B)) = I(p(A)) + I(p(B)) = I(A) + I(B).

f(x) : [0, 1] 7! <+

I(x) x 2 (0, 1)

f 0(x) = lim
±!0

f(x + ±)° f(x)

±
=

= lim
±!0

f
£

x
m ·

°
m +

m±
x

¢§
° f(

x
m · m)

±
=

&
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= lim
±!0

f
°

x
m

¢
+ f

°
m +

m±
x

¢
° f

°
x
m

¢
° f(m)

±
=

=
m

x
lim

m±/x!0

f
°
m +

m±
x

¢
° f(m)

m±
x

=

=
m

x
f 0(m) =

c

x

m (0, 1) c

f(ab) = f(a) +

f(b) f(x)

c < 0

f(x) = c ln(x), c < 0

K = e°1/c

f(x) = ° ln(x)

ln(K)
= ° logK(x).

c < 0 K > 1

I(A) = f(x) = ° logK(p(A)), K > 1.

&
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Shannon

Shannon

p p > 0.5

Hb(p) = Hb(1° p)

Shannon.

p Hb(p) p Hb(p) p Hb(p) p Hb(p)

&
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&
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M N

li i = 1, 2, . . . , N

Kraft

NX

i=1

M°li ° 1 ∑ 0,

L̄ =

NX

i=1

pi · li.

Kuhn-Tucker

l§i i = 1, 2, . . . , N

@

@li
L̄ + µ

@

@li

"
NX

i=1

M°li ° 1

#
= 0,

NX

i=1

M°li ° 1 = 0,

µ Lagrange

&
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pi + µ[°M°li ln(M)] = 0 )

M°li = [µ ln(M)]
°1pi.

[µ ln(M)]
°1

NX

i=1

pi ° 1 = 0 )

[µ ln(M)]
°1

= 1.

li

l§i = ° logM pi.

&
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